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Reent numerial results showed that spin hains are able to produe long-distane entanglement
(LDE). We develop a formalism that allows the omputation of LDE for weakly interating probes
with gapped many-body systems. At zero temperature, a d response funtion determines the ability
of the physial system to generate genuine quantum orrelations between the probes. We show that
the biquadrati Heisenberg spin-1 hain is able to produe LDE in the thermodynami limit and
that the nite antiferromagneti Heisenberg hain maximally entangles two spin-1/2 probes very far
apart. These results support the urrent perspetive of using quantum spin hains as entanglers or
quantum hannels in quantum information devies.
PACS numbers:
The quantum information (QI) approah of regarding
entanglement as a information resoure [1℄ stimulated im-
portant developments in its haraterization and in ways
to measure it. On the other hand, in ondensed mat-
ter physis, quantum orrelations have long been reog-
nized as an essential ingredient in many low-temperature
phases. These fats lead to a onsiderable amount of
work on the haraterization of the entanglement prop-
erties of many-body systems at zero temperatures (for
reviews see [2℄), partiularly near quantum phase transi-
tions and also at nite temperatures [3, 4, 5℄.
Feasible mehanisms of entanglement extration from
real solid state [6℄ and their ability to transfer entangle-
ment between distant parties [7℄ are of ruial importane
for the implementation of QI protools, suh as telepor-
tation or superdense oding. In systems with short-range
interations, though, entanglement between two partiles
usually deays quikly with distane between them [3℄.
However, Campos Venuti et al [8℄, have reently found, in
numerial density matrix renormalization (DMRG) stud-
ies, that ertain orrelated spin hains are able to estab-
lish long-distane entanglement (LDE) between probes
to whih they ouple, without the need of an optimal
measurement strategy onto the rest of the spins [4℄. This
naturally raises the question of whih lasses of strongly
orrelated systems are able to produe LDE.
In this paper, we present a quantitative desription of
the eetive Hamiltonian of interation between probes
weakly oupled to gapped many-body systems. This al-
lows us to onrm some of the numerial evidene of LDE
found by DMRG [8℄ and to obtain new results onerning
two important spin hain models. Although our formal-
ism an be applied to general gapped many-body sys-
tems, here we fous on one-dimensional spin hains. In
the spirit of [8℄, two probes, a and b, interat with the
spin hain, loally, through sites m and n, respetively.
The Hamiltonian of the system reads H = H0 + Vm,n,
where H0 is the full many-body Hamiltonian of the spin
hain and Vm,n = Va,m+Vb,n desribes the interation be-
tween the probes and the spin hain. We will show that,
as long as the probes interat weakly with the many-
body system, the ground state (g.s.) of the full system
may display LDE between the probes, i.e., E(ρab) > 0
when |m−n| is of the order of the system size. The oppo-
site limit, i.e., strong interations, will ause the probes
to develop robust orrelations with the site they inter-
at inhibiting entanglement with them [8℄. This arises
from a onstraint on the orrelations between dierent
sub-systems known as the monogamy of entanglement
[9℄. In order to maximize the spin hain potential to en-
tangle the probes, we require that Jp ≪ J , where Jp
is the interation strength between the probes (a, b) and
the spins at m and n, and J is a typial energy sale
for the spin system (for instane, a nearest-neighbor ex-
hange interation). For Jp = 0 the state of the probes
beomes totally unorrelated and the g.s. of the entire
system beomes (d × d)-fold-degenerate. In this ase we
may write |ψ〉 = |ψ0〉 ⊗ |χa〉 ⊗ |χb〉, where |ψ0〉 is the g.s.
of the spin hain (assumed non-degenerate) and |χγ〉 the
state of the probe γ. The role of the interation (Jp > 0)
is to lift this degeneray ausing the probes to develop
orrelations. For weak oupling Jp, the eetive Hamil-
tonian in this d × d low-energy subspae, obtained as
disussed below, will determine the dynamis and orre-
lations of the probes. For the speial ase of spin one-half
probes (d = 2), the negativity [10℄, or any other equiva-
lent entanglement monotone, an be used to quantify the
entanglement.
The eetive Hamiltonian. In a very general way we
an write the loal interation between the probes and
the orresponding sites in the many-body system in the
following manner:
V =
p∑
α=1
γaαO
α
m ⊗Aα ⊗ 1 b + γbβOαn ⊗ 1 a ⊗Bα, (1)
where Aα(Bα) denotes an operator ating on the Hilbert
spae of the probe a(b) and 1 a(b) the orresponding iden-
tity operators. The many-body system operators on
sites m are represented by Oαm and γ
a(b)
α is the ou-
pling strength. The projetor onto the states with unper-
turbed energy E0 ≡ 〈ψ|H0|ψ〉 is P0 = |ψ0〉〈ψ0|⊗1 a⊗1 b.
Let Pk (k > 0) be the projetor onto the subspae
of energy Ek > E0 , so that 1 = P0 +
∑
k>0 Pk.
Using the standard anonial transformation formalism
[11℄ one an determine probes g.s. by diagonalizing
2an eetive Hamiltonian in the subspae spanned by
P0, namely, Heff = P0(H0 + V )P0 + |ψ0〉〈ψ0| ⊗ H(ab)
[12℄. This a familiar onept that nds many appli-
ations in ondensed matter physis, suh as, for in-
stane, in the derivation of the Ruderman-Kittel-Kasuya-
Yosida magneti interation between loal moments in a
metal [13℄. The oupling between the probes is given by
H(ab) = −∑k>0〈UPkU〉0(Ek − E0)−1, where the aver-
age is taken with respet to the g.s. of the spin hain
〈UPkU〉0 = 〈ψ0|UPkU |ψ0〉 and U := V − 〈V 〉0. Note
that, by denition, 〈U〉0 = P0UP0 = 0. Entangle-
ment between the probes arises from H(ab) sine it on-
tains nonloal terms suh as Ua,mPkUb,n [14℄. The probe
Hamiltonian an be transformed by straightforward ma-
nipulations into an expliit form involving time depen-
dent orrelation funtions of the spin hain. A similar
proedure is used to express ross setions of sattering
by many-body systems in terms of its orrelation fun-
tions [23℄. We obtain (we set ~ = 1, see [15℄ for the
derivation)
H(ab) = − 1
2π
∫ +∞
−∞
dE
E
∫ +∞
−∞
dt〈U(t)U〉0eiEt.
We now introdue the expliit form of U to arrive at
the desired result H(ab) = H
(a)
L +H
(b)
L +H
(ab)
NL +H
(ab)
L ,
(see [16℄ for a omment on the loal terms). Den-
ing the two-body onneted orrelation 〈Oαm(t)Oβn〉c =
〈ψ0|Oαm(t)Oβn |ψ0〉 − 〈ψ0|Oαm(t)|ψ0〉〈ψ0|Oβn|ψ0〉 the term
oupling the two probes yields
H
(ab)
NL =
p∑
α,β=1
γaαγ
b
β(Cmα;nβ + Cnβ;mα)A
α ⊗Bβ ,(2)
Cmα;nβ =
1
2i
∫ ∞
−∞
dte−0
+|t|sign(t)〈Oαm(t)Oβn(0)〉c.(3)
The oupling between the probes an be expressed
in terms of the response funtion χmα;nβ(t) =
−i〈[Oαm(t), Oβn ]〉θ(t), where θ(t) is the Heaviside step
funtion. Using the Lehman representation at T = 0
one an show that
χ˜mα;nβ(0) = Cmα;nβ + Cnβ;mα,
where χ˜mα;nβ(ω) is the time Fourier transform of
χmα;nβ(t). The eetive Hamiltonian Eq. (2) lifts the
degeneray of the GS level of the unoupled system
(Jp = 0). As long as the ouplings appearing in H
(ab)
NL are
small ompared to typial energy sales of the spin hain,
suh as the gap to rst exited state, ∆, the low-energy
physis of this system, E ≪ ∆, with no real exitations of
the spin hain, will be well desribed by H
(ab)
NL . This on-
dition limits the strength of the hain-probe interation,
but is shown by numerial results to be the appropriate
limit to maximize LDE [8℄.
In the remainder of the paper we will ompute the LDE
for two rotational invariant spin hains: the nite Heisen-
berg spin-1/2 hain in zero eld using the exat results
from bosonization theory; a spei spin-1 Heisenberg
hain with biquadrati interations by means of a ap-
proximation sheme for its spetrum. It is useful to write
Eq. (1) in terms of spin operators
~Sm for the spin hain
and ~τa(b) for the probes. Considering that the probes ou-
ple with the spin hain via an Heisenberg interation, the
most ommon situation, Vm,n = Ja~Sm ·~τa+Jb ~Sn ·~τb, the
onnetion with the previous notation beomes straight-
forward: Oαm = S
α
m, A
α(Bα) = ταa(b) and γ
a(b)
α = Ja(b).
Eq. (2) beomes simply,
Heff = Jab~τa · ~τb, (4)
where Jab = JaJbχ˜mα;nα(0) and α = x, y or z.
The nite antiferromagneti Heisenberg spin-1/2
hain. The isotropi antiferromagneti Heisenberg model
reads
H :=
L−1∑
i=1
~Si · ~Si+1. (5)
Our formalism only applies to the nite hain whih has
gapped exitations. To alulate its time-dependent or-
relation funtions we will use the onformal invariane
of the ritial innite hain (L → ∞). We show below
that its time-dependent orrelations are enough to ex-
trat the eetive oupling Jab for the nite hain. It is
lear that the eetive Hamiltonian Eq. (2) will preserve
the full SU(2) symmetry of the interation Hamiltonian
H + Vm,n, i.e. no loal terms will give ontribution to
Heff . Assuming that the probes ouple to the spin hain
with the same strength (Ja = Jb ≡ Jp), Heff takes the
very ompat form
Heff = J
2
p χ˜mα;nα(0)~τa · ~τb. (6)
Hene, whenever χ˜mα;nα(0) > 0 the g.s. of the probes
is a singlet-state displaying maximal LDE [17℄. Our
omputation of χ˜mα;nα(0) will rely on general bosoniza-
tion results for orrelations of spin-1/2 hains (see [18℄
for a review) and the onformal invariane of the rit-
ial hain. The dominant long-distane orrelations of
the g.s. of Hamiltonian Eq. (5) osillate with a π
phase hange between neighbor spins. It is therefore
useful to dene the retarded Green funtion for the
staggered magnetization Mαj := (−1)jSαj , GRmn(t) :=
i〈[Mαm,Mαn (t)]〉θ(t). The response funtion in Eq. (6)
is χmα;nα(t) = (−1)|m−n|GRmn(t). The retarded Green
funtion is obtained from the orresponding Matsubara
Green funtion, G(x, τ) := 〈TˆτMαm(xm, τ)Mαn (xn, 0)〉,
with imaginary time τ ∈ [−β, β] and where, in the limit
|xm − xn| ≫ 1, we may replae xm − xn by a ontin-
uum variable x. The Matsubara Green funtion for the
innite hain reads [19℄
G(x, τ) = A|vF τ + ıx|−1;
A is an amplitude and vF the Fermi veloity of the spinon
exitations. This result implies that the innite hain
3x
vFτ
w(z)
u
r
Figure 1: The onformal transformation w(z) = u+ ır maps
every point (vF τ, x) in the plane into the strip geometry (u ∈
]−∞,∞[, r ∈ [−L/2, L/2]) with periodi boundary onditions
along the v diretion.
has a divergent χ˜mα;nα(0); this is a diret onsequene
of a zero gap and a signal of the ritial nature of the
spin hain at T = 0. Nevertheless, the nite hain is
gapped, has a nite χ˜mα;nα(0), and the above result an
be used to alulate its orrelation funtions, preisely
beause the ritial nature of the innite hain implies
that N -point orrelation funtions in dierent geometries
are related by onformal transformations [20℄. The map-
ping of the innite hain to the nite hain is ahieved
by the following analyti transformation (see Fig. 1),
w = L2pi ln z = u+ ır, where z = vF τ + ıx.
Using the transformation law for onformal invariant
theories [20℄ the Matsubara Green funtion for the -
nite antiferromagneti Heisenberg hain with periodi
boundary onditions in the spatial oordinate r reads [21℄
Gcyl(r, u) = 2π
A
L (2 cosh(2πu/L)− 2 cos(2πr/L))−
1
2 .The
analyti ontinuation to real time is made by Wik ro-
tation u → ıvF t + 0+sgn(t) and the orresponding re-
tarded Green funtion dened in the ylinder GRcyl(r, t)
an be omputed from the time-ordered Green funtion
GR(r, t) = −2θ(t)ℑ [G(r, t)](see [18℄). Setting the branh
ut of the logarithm in the negative real axis we nd
GRcyl(r, t) = 2π
A
L
θ(t)θ(F (r, t))sign(sin(2πt/L))√
F (r, t)
,
where F (r, t) = 2 cos(2πr/L) − 2 cos(2πt/L). The re-
sponse funtion at zero frequeny is then given by
χ˜mα;nα(0) = (−1)|m−n|
∫∞
0
dtGR(r, t) exp(−0+t). Here
we only state the result,
χ˜mα;nα(0) = Cmn
∫ pi
2pir/L
dy
y/π − 1√
cos(2πr/L)− cos(y) ,
with Cmn = (−1)|m−n|A/(2vF ). Figure 2 shows the plot
of the absolute value of the response funtion at zero
frequeny onrming the existene of LDE for a wide
range of values of r/L. Note that χ˜mα;nα(0) diverges
logarithmially at the origin. Our perturbative approah
annot be applied unless J2p χ˜mα;nα(0) ≪ ∆ ∼ J/L, and
will fail in the thermodynami limit (L → ∞) for xed
r. The numerial results of Ref. [8℄ show probes almost
ompletely entangled only for small values of Jp ∼ 0.1,
for a nite hain L = 26. This value is well estimated
by the limit of validity of our perturbative approah, for
r/L ∼ O(1), namely, Jp ≪ J/
√
L. These results, in the
0.0 0.1 0.2 0.3 0.4 0.5
0.0
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Figure 2: The absolute value of the response funtion at zero
frequeny for the nite antiferromagneti Heisenberg hain.
We have assumed r ≫ 1 so that the results from bosonization
theory are aurate.
light of our analysis, strongly suggest that the onditions
for LDE are oinident with the onditions for validity of
the perturbative approah. Weakly oupled probes get
maximally entangled by the eetive antiferromagneti
interation mediated by the spin hain.
The AKLT model. The Heisenberg spin one-hain with
biquadrati interations reads
H :=
N−1∑
i=1
[
~Si · ~Si+1 + β(~Si · ~Si+1)2
]
.
This model admits an exat solution for β = 1/3 whih
is known as the Aek-Kennedy-Lieb-Tasaki (AKLT)
point [22℄. A piture of the g.s. is given by the so-alled
valene-bond-solid (VBS). Eah spin-1 is represented by
a ouple of spins one-half, as long as the antisymmetri
state is projeted out. The VBS state is onstruted by
forming short-ranged singlets between nearest spin-1/2
and then symmetrizing loal pairs to get bak S = 1
states. In the thermodynami limit, the stati orrela-
tions are very short-ranged [ξAKLT = 1/ln(3) ∼= 0.9℄ [22℄.
For this reason we may ask whether two probes are able
to get entangled by interation mediated by the spin-1
hain. We annot make an exat omputation of LDE as
in the Heisenberg model, sine the exat dynamial or-
relations are not known even for large distanes. How-
ever, as suggested by Arovas et al [24℄, we an apply the
single-mode approximation (SMA) used to dedue the
phonon-roton urve in liquid 4He [25℄, in order to study
the exitations in this model. This is done by assuming
that a exited state at wave vetor q is given by
|q〉 ≡ Szq |ψ0〉 = N−1/2
∑
i
eıqriSzi |ψ0〉,
where |ψ0〉 is the exat g.s. of the AKLT model.
Within the SMA the dynamial struture fator Sαβ
4is related with the stati struture fator dened as
sαβ(q) = 〈ψ0|Sα−qSβq |ψ0〉 in the simple way S(q, w) ∼=
s(q)δ(w−wq). In [24℄ it was shown that, wq = Eq−E0 =
5(5 + 3 cos q)/27 and that s(q) = (10/27)(1− cos q)/wq.
The knowledge of the dynamial struture fator allows
us to ompute the eetive ouplings of Eq. (2) by inverse
Fourier transform. For the AKLT model we obtain
χ˜m+rα;mα(0) =
∫ ∞
0
dt
2π
∫ pi
−pi
dq cos(qr) sin(wqt)(a+
b
wq
)
with a = −2/3, b = 80/81. These integrals may be
done by dening f(t) = sin(wqt)θ(t) and noting that
γ =
∫∞
−∞ dt sin(wqt)θ(t) = fˆ(w = 0) where fˆ(w) is
the Fourier transform of f(t). We obtain 2fˆ(w) =
(w + wq − i0+)−1 − (w − wq − i0+)−1 and γ = 1/wq.
The remaining integral is done by extending the inte-
grand to the omplex plain and omputing the residues.
This yields, Jab = − 2710J2p (−1)r(1 + 43r)e
− r
ξAKLT
. The
sign of the interation mediated by the AKLT spin hain
hanges aording to the distane between the probes.
This omes from the fat that the stati orrelations in
this spin hain have a similar alternation. Therefore at
T = 0 the probes get entangled whenever their distane
orresponds to a odd number of sites.
The eet of nite temperature and nal omments. If
the temperature is suh that kBT ≪ ∆, we do not expet
real exitations of the spin hain to be present. Only the
subspae of states desribed by Hˆeff will be populated
and we may alulate the orrelations between the probes
using ρab = e
−βHˆeff /T r[e−βHˆeff ] with β−1 = kBT . This
denes a temperature, 1/β∗, above whih entanglement
disappears. For an antiferromagneti Hˆeff the ompu-
tation of the negativity yields β∗Jmn ≃ 0.27. Loosely
speaking, the probes will be entangled whenever the tem-
perature is smaller than the eetive oupling between
the probes. This formalism has also been used to dis-
uss qubit teleportation and state transfer aross spin
hains [8℄. In onlusion, we have expressed the apa-
ity of a gapped many-body system as an entangler of
weakly oupled probes at arbitrary distanes in terms
of a zero temperature response funtion. We exempli-
ed this formalism by alulating this funtion for two
quantum spin hains, shedding light on reent numeri-
al results on LDE. In this ontext, our results strongly
suggest that the main mehanism of LDE mediated by
gapped spin hains is the existene of dominant antiferro-
magneti orrelations. A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